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Carleman estimate for second order elliptic 
equations with Lipschitz leading coefficients and 

jumps at an interface 

M. Di Cristo* E. Francini^ C-L. Lin^ 

S. Vessella§ J-N. Wang^ 


Abstract 

In this paper we prove a local Carleman estimate for second order elliptic 
equations with a general anisotropic Lipschitz coefficients having a jump at an 
interface. Our approach does not rely on the techniques of microlocal analysis. 
We make use of the elementary method so that we are able to impose almost 
optimal assumptions on the coefficients and, consequently, the interface. 
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1 Introduction 


Since T. Carleman’s pioneer work [Car], Carleman estimates have been indispensable 
tools for proving the unique continuation property for partial differential equations. 
Recently, Carleman estimates have been successfully applied to study inverse prob¬ 
lems, see for [li], |KSU] . Most of Carleman estimates are proved under the assump¬ 
tion that the leading coefficients possess certain regularity. For example, for general 
second order elliptic operators, Carleman estimates were proved when the leading co¬ 
efficients are at least Lipschitz 0. |H3]. The restriction of regularity on the leading 
coefficients also reflects the fact that the unique continuation may fail if the coeffi¬ 
cients are only Holder continuous in M" with n > 3 (see examples constructed by 
Plis [P] and [M|)- In the unique continuation property holds for solutions 
of second elliptic equations in either non-divergence or divergence forms with essen¬ 
tially bounded coefficients lEEl, (EHl, EHl. 0. It should be noted that the unique 
continuation property for the second order elliptic equations in the plane with essen¬ 
tially bounded coefficients is deduced from the theory of quasiregular mappings. No 
Carleman estimates are derived in this situation. 

From discussions above, Carleman estimates for second order elliptic operators 
with general discontinuous coefficients are not likely to hold. However, when the 
discontinuities occur as jumps at an interface with homogeneous or non-homogeneous 
transmission conditions, one can still derive useful Carleman estimates. This is the 
main theme of the paper. There are some excellent works on this subject. We mention 
several closely related papers including he Rousseau-Robbiano |LRlj . |LR2j . and Le 
Rousseau-Lerner ra. For the development of the problem and other related results, 
we refer the reader to the papers cited above and references therein. Our result is close 
to that of ra. where the elliptic coefficient is a general anisotropic matrix-valued 
function. To put our paper in perspective, we would like to point out that the interface 
is assumed to be a hypersurface in |LLj and the coefficients are C°° away from the 
interface. Here we prove a local Carleman estimate near a flat interface from which 
it is easy to obtain under a standard change of coordinates a Carleman estimate for 
operator with leading coefficients which have a jump discontinuity at a interface 
and are Lipschitz continuous apart from such an interface (see Theorem 12.11 for a 
precise statement). The approach in |LLj is close to Calderon’s seminal work on the 
uniqueness of Cauchy problem |Cal] as an application of singular integral operators 
(or pseudo-differential operators). Therefore, the regularity assumptions of |LL] are 
due to the use of calculus of pseudo-differential operators and the microlocal analysis 
techniques. 

The aim here is to derive the Carleman estimate using more elementary methods. 
Our approach does not rely on the techniques of microlocal analysis, but rather 
on the straightforward Fourier transform. Thus we are able to relax the regularity 
assumptions on the coefficients and the interface. We hrst consider the simple case 
where the coefficients depend only on the normal variable. Taking advantage of 
the simple structure of coefficients, we are able to derive a Carleman estimate by 
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elementary computations with the help of the Fourier transform on the tangential 
variables. To handle the general coefficients, we rely on some type of partition of 
unity. In Section [2] after the Theorem 12.11 we give a more detailed outline of our 
proof. 

2 Notations and statement of the main theorem 

Dehne H± = where = {{x,y) G R*^”^ x 'R\y ^ 0} and xrj is the char¬ 
acteristic function of R^. Let us stress that for a vector {x,y) of R"", we mean 
X = {xi,, Xn-i) G R""”^ and ?/ G R. In places we will use equivalently the symbols 
D, V, d to denote the gradient of a function and we will add the index x or ?/ to 
denote gradient in R""”^ and the derivative with respect to y respectively. 

Let u± G C'°°(R"'). We define 


u = + H-U- H±u±, 

± 

hereafter, we denote a± = a+ -|- a_, and for R”"^ x R 

£(x, y, d)u := ^ y)W^^yU±), (2.1) 

± 

where 

y) = {afj{x, |/)}T=i, X G R"“\ y eR (2.2) 

is a Lipschitz symmetric matrix-valued function satisfying, for given constants Aq G 

(0,1], Mo >0, 

Aokl^ < A±{x,y)z ■ z < V(x,|/) G R"', Vz G R"' (2.3) 

and 

\A±ix',y') - A±{x,y)\ < Mo(|x'-x| + \y' -y\). (2.4) 

We write 

/io(x) := M+(x, 0) — M_(x, 0), VxGR"'”^, (2.5) 

hi{x) := A+(x, 0)'Vx,yU+{x, 0) ■ z/ — A_(x, 0)'Vx,yU-{x, 0) ■ u, Vx G R"'”^, (2.6) 

where z/ = — e„. 

Let us now introduce the weight function. Let (p be 


^(.y) 


(p+{y) := a+y + Py‘^/2, z/ > 0, 
(p_{y) := a_y + l3y'^/2, y < 0, 


(2.7) 


where a+, a_ and (3 are positive numbers which will be determined later. In what 
follows we denote by (p+ and p- the restriction of the weight function p to [0, -l-cxo) 
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and to (—cxo, 0) respectively. We use similar notation for any other weight functions. 
For any £ > 0 let 

:= if{y) --\x\^, 

and let 


(t)5{x,y) := -05 (5 ^y) . 

For a function h G we dehne 


( 2 . 8 ) 


h{i,v)= Hx,y)e-^-(dx, 

As usual we denote by the space of the functions / G satisfying 


with the norm 

Moreover we dehne 

[/] 1 / 2,1 


Hl/2(Rn-l) 


ieii/(oprfe<oo, 

JR"-i 

f \m-m? 


(2.9) 




\x - 1/1’ 


-dydx 


1/2 


and recall that there is a positive constant C, depending only on n, such that 


C-' [ l^ll/(^)/<i^ < [/lv 2 ,M»-. <C [ l5ll/(0/^^^, 

jR'i-i JR"-i 

SO that the norm (I2.9p is equivalent to the norm 11/||i 2 (Rn-i) + [/]i/ 2 ,r'i-i- We use 
the letters C, Co, Ci, • • • to denote constants. The value of the constants may change 
from line to line, but it is always greater than 1. 

We will denote by Br{x) the {n — l)-ball centered at a; G with radius r > 0. 
Whenever a: = 0 we denote = 5^(0). 


Theorem 2.1 Let u and A±[x,y) satisfy fl2.ip - fl2.6p . There exist a+, «_,/?, (5o, Tq 
and C depending on Aq, Mq such that if 5 < 5 q and r > C, then 
2 „ 1 


EE ^3-2k f \D^u±\‘^e^^^‘-^^^'y'>dxdy + EEr-^f 

± k=0 dRl ^ jRn-l 

+ Yi r2[e*<''“>.«±(.,0)];/.,,r-. + 53[£>(e'*.*«J(., 0)]?,„.-. 


V ± 

+ [V.(e"'^^ho)(-,0)]2/2,R„-i / |ho|+ r [ \h,\^e^^^^^^’^'>dx) . 

aR"-i jR'i-i / 

( 2 . 10 ) 
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where u = -f^+M+ + H_u_, u± G and suppw C Bs /2 x [—5ro,5ro], and (j)s is 

given by fl2.8p . 

Remark 2.2 Estimate fl2.10p is a local Carleman estimate near = 0. As men¬ 
tioned in the Introduction, by an easy change of coordinates, one can derive a local 
Carleman estimate near a interface from fl2.10p . 

Remark 2.3 Let us point out that the level sets 

{(x, y) G Bs /2 X (-5ro, 6ro)) : Mx, y) = t} 

have approximately the shape of paraboloid and, in a neighborhood of (0,0), dycfs > 0 
so that the gradient of (f) points inward the halfspace M”. These features are crucial 
to derive from the Carleman estimate fl2.10p a Holder type smallness propagation es¬ 
timate across the interface {(a:,0) : x G for weak solutions to the transmission 

problem 

{ C{x, y, d)u = HJ)± ■ + c±u±, 

M+(a;, 0) — M+(x, 0) = 0, (2-11) 

A+{x, 0 )Va:,j/M+(x, 0 ) • 1 / - A_{x, C)V,,^yU_{x, 0 ) ■ z/ = 0 , 

where h± G and c± G More precisely if the error of observation 

of u is known in an open set ofMff, we can find a Holder control of u in a bounded 
set ofMA. For more details about such type of estimate we refer to ILR1[ Sect. 3.1], 

The proof of Theorem 12.11 is divided into two steps as follows. 

Step 1. We first consider the particular case of the leading matrices fl2.2l) inde¬ 
pendent of X and we prove iTheorem 13.11) . for the corresponding operator C{y,d), 
a Carleman estimate with the weight function (l){x,y) = (p{y) -t- 57 • x, where s is 
a suitable small number and 7 is an arbitrary unit vector of The features 

of the leading matrices and of the weight function 0 allow to factorize the Fourier 
transform of the conjugate of the operator C{y, d)u with respect to 0. So that we 
can follow, roughly speaking, at an elementary level the strategy of ra for the oper¬ 
ator C{y,d). Nevertheless such an estimate has only a prepatory character to prove 
Theorem 12.11 because, due to the particular feature of the weight (j) (i.e. linear with 
respect to x), the Carleman estimate obtained in Theorem 13.11 cannot yield to any 
kind of significant smallness propagation estimate across the interface. 

Step 2. In the second we adapt the method described in [TR Ch. 4.1] to an 
operator with jump discontinuity. More precisely, we localize the operator fl2.ip with 
respect to the x variable and we linearize the weight function, again with respect the 
X variable, and by the Carleman estimate obtained in the Step 1 we derive some local 
Carleman estimates. Subsequently we put together such local estimates by mean of 
the unity partition introduced in [Trj . 
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3 Step 1 - A Carleman estimate for leading coef¬ 
ficients depending on y only 

In this section we consider the simple case of the leading matrices (12.21) independent 
of X. Moreover, the weight function that we consider is linear with respect to x 
variable, so that, as explained above, the Carleman estimates we get here are only 
preliminary to the one that we will get in the general case. 

Assume that 

A±iy) = {aJ(|/)}”j=i (3.1) 

are symmetric matrix-valued functions satisfying ( 12 .3p and ( 12 .4p . i.e., 

< A±{y)z ■ z < V|/ G M, Vz G M"' (3.2) 

\A±{y') - A±{y")\ < Mob' - y'X ^y’,y" e m. (3.3) 

From (13.2p . we have 

a^^iy)>Xo V|/GM. (3.4) 

In the present case the the differential operator (12.ip became 

C{y, d)u := ^ H±div^^y{A±{y)Vcc,yU±), (3.5) 

± 

where u = H±u±, u± G C°°(M”) 

We also set, for any s G [0, 1] and 7 G with I 7 I < 1 

(f){x, y) = ip{y) -f S 7 • a; = M+0+ -h M_0_, (3.6) 

where ip is dehned in ( 12 .7p . 

Our aim here is to prove the following Carleman estimate. 

Theorem 3.1 There exist Tq, Sq, to, C and /3o depending only on Aq, Mq, such 
that for r > To, 0 < s < So < 1; (ind for every w = supptc C 
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Bi X [— ro,ro], we have that 






± 


+ 53 |S,(e-**«,±)(, 0 )];„ 


1 / 2 ,R —1 


± 


± 


(3.7) 

/ |£(!/,S)TO|V'«±o!»i!/+ |V4e-*<-'»'(u.+(..0) -to_(..0)))]/2,,„-. 


+ [e^‘^('’°)(A+(0)V,j:,j;W+(x,0) • u - A_(0)V,;,j^w_(x,0) • i^)]i/2,Rn-i 


+ T I e‘^'^‘^^^’^^\A+{0)'Vx,yW+{x,0) ■ U — A_{0)'Vx,yW-{x,0) ■ ul'^dx 



with /3 > /3o and a± properly chosen. 

3.1 Fourier transform of the conjugate operator and its fac¬ 
torization 

To proceed further, we introduce some operators and find their properties. We use 
the notation dj = dx^ for 1 < j < n — 1. Let us denote B±{y) = the 

symmetric matrix satisfying, for 2 ; = ( 2 : 1 , • • • , ^n-i, Zn) ='■ ( 2 ', Zn), 


B±{y)z' ■ z' = A^{y)z ■ z 



(3.8) 


^r. = -E^ 


In view of fl3.2p we have 


Mz'? <B±{y)z'■ z'<X[^\z'\^, Vi/e M, Vz'e (3.9) 


< Ao depends only on Aq. 
Notice that 



, j,/c = I,---,n-1. 


(3.10) 


We dehne the operator 



n—1 ib 


(3.11) 
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It is easy to show, by direct calculations ( |LLj h that 

dWx,y{A±{y)V^,yU±) = {dy + T±)a^^{y){dy + T±)u± + div^{B±{y)Vx:U±). (3.12) 

Let w = J2± H±w±, where w± G and dehne 

6*o(a:) := ta+(a:, 0) — 0) for x G (3.13) 

6i{x) := A^{0)'Vx,yW+{x,0) ■ u — A_{0)'Vx,yW-{x,0) ■ u for X G (3.14) 

where u = —Cn- By straightforward calculations, we get 

“inMlSy + T+(y,d^))w+{x,y) I 5.0 -a^niy){3, + T.(y,d,))w-(x,y) |,.o= -0i(x). 

(3.15) 

In order to derive the Carleman estimate 03.71) . we investigate the conjugate op¬ 
erator of C{y, d) with e'^'^ for 0 given by 03.61) . Let v = and v = then 

we have 

w = e~'^‘^v = '^^H±e~'^‘^^v± = H±e~'^‘^^v± 

± ± 

and therefore 

e^^C{y,d){e-^^v) = C{y,d){e-^^v). 

It follows from 03.12p that 

e^^C{y, d){e-^^v) = ^H± [{dy - T(p'^ + T±)a^^{y){dy - T(p'^ + T±)v±] 

± 

+ ^H±diVx{B±{y)VxV±), 

± 

which leads to 

e^'^C{y,d){e-^'^v) = C{y,d){e-^^v) 

= e™"-^/f±[(a„-V± + r±)o*.(!/)(s,-T^i + r±)(e— 

± (3.16) 

+ L7±div45±(2/) V,(e-"^^-"n±)). 

± 

By the dehnition of T±{y, dx), we get that 

n—1 zb / \ 

j—l ^nnKy) 

:= e“^"'^'^T±(j/,a,, - rs7)n±. 

To continue the computation, we observe that 

e"’-y(8, - + T^{y,d,))aU.y)(dy - V± + r±(!/, 8J)(e-"^-‘'i.±)] 

= (dy -Tip'^ + T±(y,dy - TSj))a*Jy){dy - + r±(»,4 - TS7))t'± 
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(3.17) 









and 


e"^^-"div4E±(|/)V,(e-"^^-"n±)) 

n—1 n—1 n—1 

= Y1 ^fkiy)9%v± - ‘^ST b%{y)djV±-fk + sV^ bfk{yhjlkV±. 

j,k=l j,k=l j,k=l 


(3.18) 


Combining fl3.16p . fl3.17p and fl3.18p yields 


e^'^C{y,d){e-^'^v) 

= ^H±[{dy - T(p'^ + T±{y,d^ - rs-f))a^^{y){dy - T(p'^ + T±{y, - rs7))n±] 

± 

n—1 n—1 n—1 

+ ^fkiy)9jkV± - 2st bfMdjV^'jk + b%{yhj'ykV ±\. 

± j,k=l j,k=l j,k=l 

(3.19) 

We now focns on the analysis of e'^^C{y,d){e To simplify it, we introdnce 

some notations: 


f{x,y) = e^^C{y,d){e 

(3.20) 

n—1 

^±(^,7,1/) = ^ e 

j,k=l 

(3.21) 

C±(^,2/)= ^ , AB±{i,i,y) + 2isTB±{i,-f,y) §^^^±( 7 , 7 ,?/)], 

^nnVy ) 

(3.22) 

and 



(3.23) 

Rv f|3T9l). we have 



(3.24) 


± 


where 


P±v± ■.={dy - TLf'^ + it±{i + iTS-i,y))a^^{y){dy - np'^ + + irs7,|/))h± 

- a^nhj)C±{.i,y)v±. 


(3.25) 

Our aim is to estimate f{x,y) or, equivalently, its Fourier transform f{^,y). In 
order to do this, we want to factorize the operators P±. For any z = a + ib with 
(a, b) 7 ^ ( 0 , 0 ), we dehne the square root of z, 


V~z 
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We remind that the square root ^ is defined with a cut along the negative real axis 
and note that > 0. Thus, it needs extra care to estimate its derivative. Now 


we define two operators 

E± = dy^ + zrs7, y) - + \/^), (3-26) 

F^ = dy + + iTS'y,y) - {T(p'^ - \/^). (3.27) 

With all the definitions given above, we obtain that 

P+V+ = £;+a+„(|/)F+t)+ - t)+ay(a+„(2/)y^), (3.28) 

P-V- = F-a~^{y)E_V- + V-dy{a~^{y)^/^). (3.29) 


Let us now introduce some other useful notations and estimates that will be 
intensively used in the sequel. After taking the Fourier transform, the terms on the 
interface (I3.13j) and (13.151) . become 


VoiO := fi+(e, 0) - h_(e, 0) = e-^Pmoix) (3.30) 


7i(^) := 

= ann(O) [9yV+{i, 0 ) - Ta+v+{^, 0 ) + it+{^ + irs-f, 0 )h+(^, 0 )] 

- ann(O) [^y^-(C,0) - ra_h_(^,0) + if_(^ + irs 7 , 0 )f)_(^, 0 )]. 

For simplicity, we denote 

14(0 := ann(O) [9yV±i^, 0) - Ta±v±{^, 0) + it±{^ + irs-f, 0)h±(4 0)], 


so that 

V'+K)-V(e)=r,iK). 


Moreover, we define 


From (13.9p we have 


m±{^,y) 


g ±(000 

aLiy) 


Aiier < i?±(000 < AOier, Vy e M, ve e 


(3.31) 


(3.32) 

(3.33) 


(3.34) 


and, from (13.3p . 

\dyB^{^,r,,y)\ < MilOI^I, V E (3.35) 

where Mi depends only on Aq and Mq. In a similar way, we list here some useful 
bounds, that can be easily obtained from fl3.9p and fl3.3p . 


A 2 IO < rn±{^,y) < As ^10) 


(3.36) 
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\dyt±{i.y)\<M^\il 

|C±(e,l/)l<(AoAi)-^(|er + sV2), 

\dyC,±{U)\<MM? + s^T^). 


(3.37) 

(3.38) 

(3.39) 

(3.40) 

(3.41) 


Here A 2 = \/AoAi, A 3 depends only on Aq, while M 2 , M 3 and M 4 depends only on Aq 
and Mq. 

3.2 Derivation of the Carleman estimate for the simple case 

The derivation of the Carleman estimate fl3.7p is a simple consequence of the auxiliary 
Proposition 13.11 stated below and proved in the following Section 13.31 via the inverse 
Fourier transform. We hrst set 



L : 


Note that, by fl3.36p . A| < L < A 2 ^. Now we introduce the fundamental assumption 
on the coefficients a± in the weight function. As in ttH, we choose positive «+ and 
Q!_, such that 



(3.42) 


This choice will only be conditioned by Aq. These constants will be fixed. Denote 
the factor 


A = (|5P + t 2)‘/1 


We now state our main tool. 

Proposition 3.1 There exist tq, sq, p, (3 and C, depending only on Aq and Mq, such 
that for T > To, supp'0±(.^, •) C [—p,p], s < sq < I, we have 



± 


± 



Here R-t = {y eM : y ^0}. 
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Proof of Theorem 13.1[ Substituting fl3.24p and the definitions of rji (see fl3.30p . 
fl3.3ip i into the right hand side of 03.431) implies 


ii^y±('C) ■)iii2(R±) +~ ii^3/^±('C) •)iil2(r ±)+~ ii'^±('C) •)iii2(R±) 


r 


(3.44) 


(3.45) 


+A5]ii4(or+A'5^ih±(e,o)r 
± ± 

<c ll/K. ■)lli.(K, + A|e-*TS^(.)P + A3|e-*TS^(.)r 

Recalling (I3.32p . it is not hard to see that 

A ^ |a,«±K. o)p < c (a^ |i4(0P + A’|«±K, o)A 

Since A^ > |e| V + |e|^ + r^ |e|^ + 1^1^ + < CA^ and A^ < C"(|e|^ + r^), 

by integrating in we can deduce from (I3.44p and (I3.45p that 

± A:=0 ± ± 

+ 5:^'i“±('.o)iA«-> + 5: T / \V^v±{x,0)Adx 

+ \dyV±{x,0)Adx + '^T^ [ \v±{x,0)\'^dx (3.46) 

JR'i-i JR"-i 

<c (ll/lli.(r) + + |W(e"*'-’“>«o('))];/ 2 ,.»-. 

+T [ lOiAdx + r^ [ \eo\^dxY 

Jr**-! Jr**-! / 

Replacing v± = into 03.46P immediately leads to 03.7p . □ 


3.3 Proof of Proposition 13.1 

Let K be the positive number 




(3.47) 
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depending only on Aq and Mq. The proof of Proposition 13.II will be divided into three 
cases 

Allfl 


r > , 

" 2so 

^+(C,0) 

(1 — k) a+ 


< T < 


Aiiei 

2sn ’ 


r < 


(1 — k) a+ 

Recall that A 2 = i/AqAi (from fl3.36p i depends only on Aq. Of course, we first choose 
a small Sq < 1, depending on Aq and Mq only, such that 


(1 — k) 2sc 




A smaller value sq will be chosen later in the proof. 

We need to introduce here some further notations. First of all, let us denote by 

Pi, El, and Fl 


the operators defined by fl3.25p . fl3.26p and fl3.27p . respectively, in the special case 
s = 0. We also give special names to these functions that will be used in the proof: 

u+{^,y) = al^{y)F+v+{^,y), u_{^,y) = a-^{y)E_v_{^,y) (3.48) 

and, for the special case s = 0, 

a;+(^,2/) = al^{y)Flv+{^,y), ujl{^,y) = a-^{y)Elv_{^,y). (3.49) 


Case 1: 


T > 


Aiiei 


2sn 


(3.50) 


Note that, in this case, we have |^| < 2A2 ^Sot, which implies 

r < A < VbXfr. (3.51) 

We will need several lemmas. In the hrst one, we estimate the difference P±v± — Plv±- 


Lemma 3.2 Let r > 1 and assume (I3.5np . then we have 
\P±v±{^,y) - Plv±{^,y) \ < C'sr[r(a± + 1 +/?|?/|)|h±(^, y)] + |9j^n±(^,|/)|], (3.52) 
where C depends only on Aq and Mq. 
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Proof. It should be noted that 


C±(^,2/)|.=o = 


o^Liy) 


By simple calculations, and dropping ± for the sake of shortness, we can write 

Pv{^, y) - P°h(e, y) = h + h + h, (3.53) 


where 


h = {it{^ + irs'y,y)-it{^,y))anniy){dy-rip'+ it{^ + iTS'y,y))v, 

h = {dy-Tif'+ it{^,y))ann{y){it{^ + iTS'y,y)-it{^,y))v, 

and 

h = a^^{y)C±{^, y) - P±(^, y). 

By linearity of t with respect to its hrst argument (see fl3.23p i and by fl3.38p . we have 

\t{^ + irs 7 , y) - t(^, y) \ = \t{iTS-f, y) \ < A^^sr, 

which, together with fl3.2p and fl3.5Up . gives the estimate 

|/i| < Ag^Ao^srliayhl+r(a± + /?||/|)|h|+ A^^(|^|+sr)|h|} 

< CsT{\dyv\ + [T{a± +/3\y\) + st]\v\}, (3.54) 

where C depends on Aq only. On the other hand, by linearity of t and by fl3.39p . we 
obtain 

\dy + iTS-f,y) - t{^,y))\ = \dy {t{iTS-f,y))\ < M^sr, 

which, together with (13.2p . (13.3p and (I3.50p . gives the estimate 

I/ 2 I < CsT{\dyv\ + [r(a± + (3\y\) + sr]|h|}, (3.55) 

where C depends on Aq and Mq only. 

Finally, by (I3.22p . (I3.34p and (I3.5np . 

I/ 3 I = |2zsrP±(^,7,|/) - sV^P±( 7 , 7 ,|/)| < Osr^ (3.56) 

where C depends only on Aq. Putting together (13.531) . (13.551) . (13.541) . and (I3.56p gives 

( 1 ^ . □ 

Lemma [32] allows us to estimate ||P^'D±(.^, •)I|l 2 (Rj^) instead of ||P±'0±(^, •)IU 2 (r±). 
Let us now go further and note that, similarly to fl3.28p and fl3.29p . we have 

P+D+ = P+a+„( 2 /)P°h+ - v+dy{al^{y)m+{i,y)), 

P%_ = F\:^^{y)E%_ + v_dy{a-^{y)m_{^,y)). 
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(3.57) 


We can easily obtain, from fl3.3p and fl3.37p . that 

\Plv^-ElaUy)n^+\<Cmv+ 

and 

\P%_ - FlaUy)Elv-\ < C'|e||h_|. (3.58) 

where C depends only on Aq and Mq. 

Lemma 3.3 Let r > 1 and assume fl3.50p . There exists a positive constant C de¬ 
pending only on Aq and Mq such that, if sq < 1/C then we have 

A|o+.(o)Fi!e+(e,o)p + A='i«+(e,o)p + A‘‘ii«+(e,.)iii.|,^, + A=iis,e+(e,.)iii.i.^, 

<C'||F+f.+ («,-)lly(«,) ( 3 . 59 ) 

and 


-A|a;;j0)E%4e,0)r-A^|h4e,0)r + Al|h_(e,-)lli.(M_) + A^I|5.i)-(e,-)lli.(M_) 

<C||F_h_(e,-)lli2(K_), (3.60) 


where snpp(h+(^, •)) C [0, |] and snpp(h_(^, •)) C [-|a,0]. 

Proof. Since snpp h+(a:, ?/) is compact, = 0 when \y\ is large and the same 

holds for the fnnction cj^(^,y) defined in (I3.49p . We now compnte 


ldyu^(f,y) + it+(f,y)u'l(f,y)f^dy+ I [Ta+ + rfdy + m+{f,y)]‘^\ujl{f,y)\‘^dy 


-23? 


[Ta+ + T(3y + m+{f,y)]ujl{f,y)[dyUjl{f,y) + it+{f,y)ul{f,y)]dy. (3.61) 


Integrating by parts, we easily get 


-23? / [Ta+ + T/3y + m+{f,y)]ujl{f,y)[dyul{f,y) + it+{f,y)ujl{f,y)]dy 

(3.62) 

= [ra++m+(^,0)]|n;°(^,0)|^ + / [r/d + dym+{f,y)]\ul{f,y)\‘^dy. 

Jo 

By fl3.50p and fl3.37p . we have that 

t(3 + dym^{f, y) > T(d — M 2 \^\ > r/d — 2rsoA^^M2 > r/d/2 > 0 (3.63) 

provided 0 < Sq < ^■. Combining fl3.5ip . fl3.6ip . fl3.62p and fl3.63p yields 

POO 

||F°a;°(^, •)||i 2 (R^) > / [Ta+ + T(dy + m+{f,y)f\ul{f,y)\‘^dy 

Jo 

+ [ra+ +m+(^,0)]|a;°(^,0)p 

POO 

> |a;°(e,l/)rd2/ + C-^A|n;°(e,0)r, (3.64) 

Jo 
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where C depends only on Aq. 
Similarly, we have that 


> / \dyv+{i,y) + it+{i,y)v+{i,y)\^dy 


+ 


[Ta++Tldy-m+{^,y)f\v+{i,y)\^dy+ [ra+ - m+(^, 0)]|h+(^, 0)p 


+ / [rfi - dym+{i,y)]\v+{i,y)\‘^dy. 

Jo 

The assumption fl3.50p and fl3.36p imply 

Ta+ + Tidy - m+(^, y) > Ta+ - A^^|^| > ra+ - 2A^Vso > ra+/2 


(3.65) 


provided 0 < Sq < Thus, by choosing 


0 < So < min < 1, 


4Mo’ 4 


we obtain from (I3.63p and (13.651) 

roo 

C||w+(^,-)lli2(R^) > / \dyv+{^,y) + it+{^,y)v+{^,y)\‘^dy 

Jo 

poo 

+ am M(e,2/)|M + AM(e,o)r- 

Jo 

Additionally, we can see that 

poo 

/ \dyV+{^,y) + it+{^,y)v+{^,y)\‘^dy 


(3.66) 


> £ 


> £ 


^ £ 
“ 2 


{\dyV+{^,y)\‘^ - ‘^\dyV+{^,y)\\t+{^,y)v+{^,y)\ + \t+{^,y)v+{^,y)\'^) dy 


(3.67) 


;|a,h+(e,2/)|^-|4(e,l/)rM(e,l/)I^J dy 

poo 

\dyV+{^,y)\‘^dy - / \v+{^,y)\‘^dy, 


for any 0 < £ < 1. Choosing £ sufficiently small, we obtain, from (I3.66p and (I3.67p . 

poo poo 

C'M+(^,-)lli2(R^) > / \dyV+{^,y)\‘^dy + A‘^ |h+(^,2/)pd?/ + A|h+(^,0)|^ (3.68) 

Jo Jo 

where C depends only on Aq and Mq. 

Combining fl3.64l) and (13.681) yields 


aM |a,h+(e,2/)r + AM M(e,|/)|MA=^M(e,0)|MA|a;°(e,i 


>0 




(3.69) 


16 




















where C depends only on Aq and Mq. From fl3.52p . since snpp('0+(.^, •)) C [0,1//5] 
and fl3.50p holds, we have 

/ poo poo \ 

+CsI{a^ |5A(e,l/)P + AM |h+(e,2/)n(3.70) 


Moreover, by fl3.57p and fl3.50p . 

poo 

l|i^K(e,-)llW^) + / |«+(e,2/)r. (3.71) 

Jo 

Finally, by fl3.69p . fl3.7Up and fl3.7ip we get fl3.59p . provided Sq is small enongh. 

Now, we proceed to prove fl3.6UI) . Applying the same argnments leading to fl3.62p . 
we have that 

l|A’V°(e,-)iii2(K_) 

>j [Ta-+Tf3yy)\‘^dy-[Ta--m_{^,0)]\u^_{^,0)1“^ ^ 2 ) 

+ [ [rP - dym_{^;y)]\u°_{^,y)\‘^dy. 

J —OO 


By fl3.36p and fl3.5Up and since snpp('0_(^, •)) C [—^,0], we can see that 

ra- + rfdy — rn-{^, y) > ra_/2 — A^^l'Cl ^ ra_/2 — 2A7 ^tso > rQ!_/4 (3.73) 

provided 0 < sq < From (I3.72p and (I3.73p . it follows 

l|A’V°(e,-)llV) > \u^M,y)\"dy-ra.\u^MM^ 

poo 

> cam |M(e,l/)rd2/-CA|M(e,0)p. (3.74) 

Jo 

Argning as before and recalling fl3.5ip we obtain fl3.60p . □ 

We now take into acconnt the transmission conditions. 

Lemma 3.4 Let r > 1 and assume fl3.50p . There exists a positive constant C de¬ 
pending only on Aq and Mq such that if sq < 1/C then 

± ± ± ± 

< ||A±h±(^, •)lli2(R±) + ClA\r]i{f)\‘^ + CA^\r]o{^)\'^, (3.75) 

± 

where snpp(i)±(^, •)) C [—1|, with Cq = min(a_, 1). 
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Proof. It follows from fl3.59p and fl3.49p that, for some C depending only on Aq and 
Mo, 

A|c+K,0)r + A=|,VK,0)|"<C||P+f.+K.')ll««,,. (3.76) 

By fl3.32p . fl3.49p . fl3.36p and fl3.38p we easily get 

^+(0 = 0) - a+„( 0 )(rst+( 7 , 0) + m+(^, 0))h+(^, 0), 

and hence 

A|P+(Or<2AK+(e,0)r + CA=*|h4e,0)r<C||P+h4ew)lli.(^^^ (3.77) 

where C depends only on Aq and Mq. 

By fl3.30p and fl3.59p . we have that 

A^|h_(e,0)r<2A3|h+(e,0)r + 2A=*|7o(Or<^^l|7^+^4e,-)lli.(«,) + 2A^|7o(Or- 

(3.78) 

Using the definition of r]i (see fl3.3ip l and fl3.77p . we also deduce that 

A|l/_K)t < 2A|1/+K)t + 2A|,,i(e)p < CIIP+6+K, + 2A|,,i(Ot. (3.79) 

Putting together (I3.76p . (I3.77p . (I3.78p and (I3.79p implies 

l'^±(^) 0)p + A ^ |U±(0P ^ C\\P+v+{^, 0)IIl2(]r+) + 2A^|7o(OP + 2A|7i(^)p. 

± ± 

(3.80) 

We now use (I3.59p and (Id.OOp and get 

||fi±(C, OlliARi) + A^^ ||57/h±(^, OllnARi) 

± ± 

^ ||P±fi±(C) ■)lli2(]R^) + AIcjq 0)p + A^|i)_(,^, 0)p 

± 

Arguing similarly as we did for fl3.77p and using fl3.79p and fl3.80p . we get 

A"^y^ ll^±(^, OIUhRi) + A^ ^ Il^yh±(^, •)I|l2(k±) 

± ± 

<C^\\P±V±{^, •)||i2(«,) + 2A|U_(Or + C^A=^|7-(e, 0)r ^3 

<c ||P±6±(«, OII^Ki) + A|>?i(Ot + V|>?o(Ot j. 

where C depends on Aq and Mq only. The proof is complete by combining fl3.80p and 

dMH). □ 
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Since r > 1, it is easily seen that fl3.75p implies 


aE + A^'E K’±«.0)t + -E IfeK'- 

± ± ± 

<C ■)lli-(i.±) + AlmraP + A=|r,„(0|A , 

where C depends on Aq and Mq only. 

Case 2: 




(1 — k ) a+ 


2 sn 


(3.82) 


(3.83) 


In this case, fl3.36p implies 


Aiiei 


a+ 


2 sn 


(3.84) 


In addition, in view of the definition of (±, fl3.34p . fl3.83p . and recalling that A 2 = 
\/AoAi and s < sq, we have that 




It is not hard to see from fl3.40p . fl3.4ip . fl3.84p . fl3.85p that 

\dy^\<M,\^\, 


(3.85) 


(3.86) 


where M 5 depends only on Aq and Mq. Moreover, if we set R± = > 0 and 

J± = then fl3.86l) gives 



\dyR±\ + \dyJ±\<M,\^\. 

(3.87) 

Using- l|3.86p. 

we can easilv obtain from fl3.28p. fl3.29p that 



\P+v+{^,y) - E+a+^{y)F+v+{^,y)\ < C'|^||h+(^,i/)| 

(3.88) 

and 


(3.89) 


where C depends only on Aq and Mq. 
We now prove the following lemma. 
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Lemma 3.5 Assume fl3.83p . There exists a positive constant C depending only on 
Ao and Mq such that, if 0 < Sq < C~^, (3 > C and t >C, then we have 

AIV+K) + <„(0)\/aMe+K.0)P + A"||ai„(»)F+«+K, g 

and 

A| V+K) + o:„(0)\/c;^6+K. 0 )p + A=>|e+K, o)p 

poo poo ('3 g]^') 

+ \v+{i,y)?dy + I \dyV+{^,y)\'^dy <C\\P+v+{^,-)\\l2(^^^) 

Jo Jo 

provided supp('0+(^, •)) C [0, ^]. 

Proof. We write 


E+uj+{f„ y) = [dy + it+{f, + irs 7 , y) - np'^ - y^]a;+(^, y) := h - h, 

where = dyU^ + it^{f^ + zrs 7 , 2 /)a;+ — zJ+a;+ and /4 = ra+a;+ + TjJyoj^ + i?+a;+. 
Our task now is to estimate 

f*oo /*oo poo 

ll^+w+(^, •)lli 2 (K+) = / \h\‘^dy+ [Ta+ + Tl3y + R+]‘^\u+\‘^dy-2iR: hhdy. 

Jo Jo Jo 

(3.92) 


Observe that 


-23fJ 


hh = - 


[ra+ + T/Sy + R+{^, y)]dy{\u+{^, y)\‘^)dy 


+ 2 [Ta+ + rfJy + R+{^,y)]t+{TS-f,y)\uj+{^,y)\‘^dy 
Jo 

poo 

/ [tI 3 + dyR+{^,y)]\u+{^,y)\‘^dy + [ra+ +/2+(^, 0)]|n;+(^, 0)p 
^0 

poo 

+ 2 [Ta+ + T(3y + R+{^,y)]t+{TS-f,y)\u+{^,y)\^dy 


> / [t/ 3 + dyR+{^,y) - ST{Ta++T/3y + R+)]\uj+{^,y)\ dy 

Jo 

+ [ra+ + R+{i, 0)]|a;+(.^, 0)^, 

(3.93) 

where in the last inequality we have used the fact that R+ > 0. Combining fl3.92|) 
and (13.931) yields 

l|-^+'^+('C5 ■)IIl2(R_^) 

poo 

> / [{Ta++T(3y + R+f + TP + dyR+{i,y)-Xf^sT{Ta+ + T(3y + R+)]\uj+{i,y)\^dy 

Jo 

+ [ra+ + R+{f, 0)]|ci;+(^, 0)|^ 


>- 


A2 fOO A 

Mf,y)\^dy + -\u^{^,0)\^ 


(3.94) 
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provided Sq is small enough. Formulas fl3.32p and (13.271) give 


1..+K, 0) = +a:„(o)yc7(i;^f’+K.o), 


(3.95) 


which leads to fICTD by fICTll . 

We now want to derive fl3.9ip . Let us write 

F+V+ = [dy + + irsy; y) - r(p+ + v^]^+ := h - h, 

where I 5 = dyV+ + + iTS'y;y)v+ + iJ+v+ and Iq = Ta+v+ + rjSyv^ — R+v+. 

Thus, we have 


poo poo poo 

= / \h\‘^dy+ [Ta+ + T(]y-R+f\v+{^,y)\‘^dy-2^ hhdy. 


(3.96) 


Repeating the computations of 

ll-^+w('C) •)IIl2(k+) 


and (I3.94P yields 


> / \h?dy+ / [ra+Fr^y - R+f\v+{i,y)\^dy+ / {r^ - dyR+)\v+{i,y)\^dy 


CsT / \Ta++T(3y-R+\\v+{^,y)\‘^dy+[Ta+-R+{^,0)]\v+{^,\ 


(3.97) 


We observe that 


and, by simple calculations. 


j^2 ^ ^C+ + IC-t 


|C±l<-3f^C± + 2 


B±{^,^,y) 

ann(2/) 


(3.98) 


which gives the estimate 


R+{^,y) < 


<niy) 


m+{^,y). 


(3.99) 


From fl3.83p and (13.991) . we deduce that 


ra+ — R+{^, 0) > Ta+ — m+(^, 0) > ra+ — (1 — K)Ta+ = KTa+. (3.100) 

On the other hand, using (I3.100p . (I3.87P and (I3.84p . we can obtain that for ?/ > 0 

Ta+ + T(3y - R+{i, y) =ra+ - R+(^, 0) + r^y - R+(^, y) + R+(^, 0) 

>Kra+ + yijjd — Cr) > Kra+ 
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provided /3 is large enough. Furthermore, if 0 < y < 1//3, then 


[rQ!+ + T(3y — + (t/S — dyR+) — C'sr|ra+ + T(3y — R+\ > {nra+Y/A (3.101) 


provided Sq is small enough and r is large enough. Now it follows from fl3.97p . fl3.100p . 
and (I3.inip and arguing as in (I3.67p . that 


C||-^+'y+(^)l/)llL2(R+) 

poo poo 

> / \dyV+{^,y)\'^dy + / |h+(^,|/)pd|/ +A|h+(^,0)p. 


(3.102) 


Jo Jo 

Finally, by f|3.88p . fl3.90p . and fl3.102p . we can easily derive fl3.9ip provided (3 > C, 
T >C and So < 1/C for some C depending on Aq and Mq. □ 


Similarly, we can prove that 

Lemma 3.6 Assume (I3.83p . There exists a positive constant C depending only on 
Ao and Mq such that, if 0 < sq < C~^ and t > C then we have 


- A|r_«) - a;„(0)\/c:«-K. 0)r + A||a;„(</)B_£._(f, 


and 


- A|i/_(e) - a.7„(0)\/^e_(e,0)|= - A’|e_K, o)p + a= 

J—oo 


\v-{i:y)?dy 


(3.104) 


provided supp(-0_(^, •)) C [—|y,0]. 

Proof. Let u:-{i,y) = a-^{y)E_v_{f,,y) = a-^{y)[dy + it_(^ + irsy,?/) - Tg)'_ - 
^/^]v-{i,y). If we write 

F_u_{^,y) = I 7 - h, 

where 


J 7 = dyU- + it-{^, y)uj- + iJ-Oj- 
Jg = ra_a;_ + rfdyu^ + t_(rs 7 , y)uj_ — 
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we have 


>- 2 S/ hhdy 

J —oo 

.0 

= - / [Ta_+T(3y+ t_{TS-i,y) - R_{i,y)]dy{\u:_{i,y)\‘^)dy 

J —OO 

= [ [rP + dyt-{TS-f,y) - dyR-{^,y)]\u-{^,y)\‘^dy 

J —OO 

- [t-(rs7,0) +ra_ - 0)]|a;_(^, 0)^ 

pO 

> / r[/? - M3S - 2M5SoA^^]|a;_(^,l/)|^ci|/- (A3S + Q!+)r|a;_(^,i 

J —OO 

hence, by 03.841) . 

||F_n;_(e,-)lli 2 («_)>CA f \u_{^,y)\^dy - CA\u_{^,0)\^ 

J —OO 

provided sq is small enough. Since, by 03.321) and 03.26p . 

0 ) = v .(0 - o;„( 0 )y 7 «_«, 0 ), 


(3.105) 


we get O3.103p . 

To derive 03.in4p . we denote 


E-V-{i,y) = h- /lo, 


where 


Jg = dyV_ + y)v- — iJ-V-, 

Jio = ra-V-+ T(3yv-+ t-i^Tsjjy)!!-+ R-V-. 

Observe that ii < y < 0 then 

rQ!_ + rfdy + t_(rs7, y) + i?_ > ra_/2 — Aj^sr > rQ!_/4 

provided sq is small. Furthermore, by choosing again sg small, we can make 

t(3 + dyR_ + dyt_{TS'y, y)>T [(3 - 2 M 5 SoA^^ - M 3 S 0 ) > 0. 

With the help of 03.1O6P and O3.107p . and arguing as in 03.671) we get 

oi|E_h_(e,-)iii2(«_) 

>[ \dyV-{^,y)\^dy + E‘^ [ A|h_(^,0)p. 

J —00 J —00 

Using 03.in3p . 03.in8p and 03.891) . we obtain 03.in4p provided r is large. 


(3.106) 

(3.107) 


(3.108) 

□ 
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Lemma 3.7 Assume fl3.83p . There exists a positive constant C, depending only on 
Ao and Mq, such that if sq < C~^, (3 > C and t > C then we have 


A 5^ + A’5^ |«±«,0)r + A^ ||«±«, 


■JNl2(k±) 




■JNl2(r±) 


<c fel|P±i>±K,' 


)IIl2(r^) + A|r7i(^)| +A|r7o(0l L 


provided supp('0±(.^, •)) C [—f|, with cq = min («_, 1). 

Proof. We obtain from fl3.9ip that 

A|a;+(e,0)p + A3|h+(e,0)|2<C||P+h+ ■)IIl2(]R_^). 

On the other hand, 


(3.109) 


(3.110) 


A|i4(0|"<2A|a;+(e,0)|2 + OA3|{;+(e,0)|2<0||P+h+ (3.111) 

Using the dehnition of po and fl3.110p . we see that 

A^|h_(e,0)r<2A3|h+(e,0)r + 2A=*|r/o(Or<^^l|i^+w(e,-)lli2(R^) + 2A^|r;o(Or- 

(3.112) 

Summing up fl3.110p and fl3.112p yields 

A’El*±«'°)tSC'll^+*+«.')llhi<*) + 2At>).K)t. (3.113) 

± 

Likewise, the dehnition of pi and fl3.11ip lead to 

A|U_(0P<C^linw(e,-)|li.(R,) + 2A|.^,(0|A (3.114) 

Putting together fl3.11ip . fl3.113p . and fl3.114p . we deduce that 

A" ^ i«±(^,o)p+ aj; iKt(or < ciip+!V(^, +2A3Mor+2A|,,i(or. 

± ± 

(3.115) 

Finally, we hrst use fl3.9ip . recall that A > r > 1, fl3.104p . and then fl3.114p . fl3.115p 
to derive 

A^ ^ ll'^±(C) ■)IIl2(K±) + \ \dyV±{^, •)lli2(R^) 

± ± 

<c5;i|P±!)±(?.-)lli.(»ri + A|V'_(f)-o;„(0)fi_(f,0)f._(^,0)p + A=|«_(^,0)p 

± 

||-P±'0±(^, •)IIl2(r^) + A|r7i(^)p + A^|r7o(OP^ ■ 

(3.116) 
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The proof is complete by combining flS.llSp and fl3.116p . 


□ 


We conclude Case 2 by observing that fl3.109p can be written in the form 


± ± ^ ± ± 

<c 1||F±<.±K.+ AlmK)!'" + A^l-joion , 


where C depends only on Aq and Mq. 

Case 3: 


r < 


(1 — k ) a+ 


(3.117) 


(3.118) 


In this case, we have 


r < (from (1^ . (I^ b 

0^_l_ ~h -L/Ot— 

From the definition of (see (I3.22p ) and the inequality 

B±{^,^;y) - > Ai|^p - A^^sV > 

that holds for sq is sufficiently small, we can derive the estimates 

' 3^C±>|ieP, 

< |J±|<4A7V, (3.119) 

la.Cil < M4 (l + 

^ \dyV^\ < ^\^\ := M,\^\. 

Lemma 3.8 Assume fl3.118p . There exist a positive constant C such that, if Sq < 
C~^ and T > C, then we have 

poo poo 

A|a;+(^,0)p + AM \u+{^,y)\‘^dy + / \dyU+{^,y)\‘^dy < C\\E+u+{^, ■)\\l2(^^y 

Jo Jo 

(3.120) 

Furthermore, i/supp('0_(^, •)) C [—^,0], then 

[ \v-{^,y)\^dy+ f \dyV_{^,y)\‘^dy <C\\E_v_{^,-)\\l2^-R_^ + CA\v_{^,0)\^. 

J —oo J —oo 

(3.121) 
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Proof. We write 

where 


£'_i_a;+ — Ill — Ji2, 


111 = dyU+ + it+{i,y)u:+- 

112 = ra+w+ + T(3yu:+ + R+u:+ + t+ {ts'j, y)u;+, 


and thus 


poo poo poo 

= / \Iii\‘^dy+ [Ta+ + Tl 3 y + R+ + t+{TS'y,y)f\u+{^,y)\‘^dy -2^ IiJudy. 


(3.122) 


We hrst estimate 


23? 


Ill/ 




[rfd + dyR+{^,y) + dyt+{Ts-f,y)]\u+{^,y)\‘^dy 


+ [ra+ + i?+(^,0) + 4 (rs 7 , 0 )]|a;+(^, 0 )p 


(3.123) 


>-(MtI^I - Mgsr) / \u+{^,y)\ dy+ [ra+R ^-sr |a;+(^,0)| 


A 2 


x/2 


>-CA / K(e,2/)^d|/ + C'A|u;+(e,0)|^ 


provided Sq is small enough. Combining fl3.122p and arguing as in fl3.67p . we get 
fl3.120p . Likewise, we obtain fl3.12ip . □ 

Lemma 3.9 Assume (I3.118p . There exists a positive constants C, depending on 
Xq,Mo, such that if sq < C~^, t > C, and (3 > C, then, for supp('0+(.^, •)) C [0, 
we have that 


— I KK,s)P<;!/+i / |S/.+«,!/)r<;!/<c(||F+«+«,.)||i,|,^,+A|f,+«,0)rt. 

I .In 'Jo ^ ' 

(3.124) 


2 poo 


Proof. Expressing 
where 


^+■0+ — /i3 — /i4, 


/i 3 = dyV+ + it+ {f, y)v+ + iJ+v+ 

Ji4 = ra+h+ + Tl3yv+ - R+v+ + t+(rs 7 , y)v+, 
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we can compute 


POO POO 

= \h 3 \‘^dy+ p|i)+(^,|/)prf|/+[ra+-i?+(^,0)+4(rs7,0)]|'0+(^,0)p. 

Jo Jo 

(3.125) 

where p = [-ra+ - r/Jy + R+- t+(rs7, y)]"^ + (r/3 - dyR+ + dyt+{TS-f, y)). 

We want to claim that 

A2 

p > C—. (3.126) 

T 

It follows from fl3.119p and fl3.118p that for 0 < y < 1//3 


R+ - ™+ - rlJy - 4(rs7, y) 

>yI^I - ^(«+ +1 + V^so) > ^1^1 


(3.127) 


provided |^| > C 2 T = 4A7^(a+ + l + Aj^So)r. By 03.1271) . we can easily obtain 03.1261) 
in the case of |^| > C 2 T with r large. On the other hand, when |^| < C 2 T, we can 
estimate 


P>rl3- dyR+ + dyt+{TS'y, y) >Tf3 - MjC 2 T 


M 3 ST > > |— (3.128) 

/ 2 T 


provided fJ is big enough. The estimate 03.124p is an easy consequence of 03.125|) and 

OITm . □ 


Lemma 3.10 Assume 03.118p . There exist positive constants C and pi, depending 
only Ao and Mq such that i/supp('0_(^, •)) C [—pi,0] then 

AK«,0)|= + A=||i.,_«,.)||i.|,_, <C||F_a,_«,.)||7K_,. (3.129) 

Proof. From 03.48p . we see that 

supp(n;_(^, •)) C supp(h_(^, •))• 


We first compute 

rO 


3? / \^\{F_u;_)uj_dy 


' —00 
rO 


= 3 ?/ \^\dyu-u-dy- \^\[Ta- + TPy+ t_{TS-f,y) - R-{^,y)]\u-\‘^dy 


1 


= 7l^ll^-(^>0)l +/ \^\[R-{C,y)-'^(^--'r^y-t-{TS'y,y)]\uj-\ dy. 


(3.130) 
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We hope to show that 


< R-{^,y) - ra- - T/3y - t_{TS'y,y). (3.131) 

Assume that fl3.13ip is true. From fl3.130p and fl3.13ip . it follows that 

<3fJ f |^|(F_cu_)£h_ (3.132) 

J —OO 

r moj-[i,y)\"dy + c f 

which implies fl3.129p . 

To establish fl3.13ip . we hrst note that, by simple calculations, 

|m_(e,0)-i?_(e,0)|<C's|e|, 

which can be used to derive for ?/ < 0 
y) - Ta- - T(]y - f_(rs7, y) 

>m_(^,0) - |i?_(^,0) -m_(^,0)| - \R-{^,y) -i?_(^,0)| - ra_ - AjVs (3.133) 
>m_(C,0) -ra_ - ^(s + \y\)\^\. 


On the other hand, by the dehnition of L, fl3.36p and fl3.118p . we can estimate 


0) - ra- > ---[1 


La- 


(1 — «:)«+■ 


> "i+(^,0)- 


K 


> 


X 2 K 


■lei- 


L(1 — k) (1 — k)L 

(3.134) 

Combining fl3.133p and fl3.134p yields fl3.13ip provided s and \y\ are small. □ 


Lemma 3.11 Assume (13.1181) . There exists C, depending only on Aq and Mq, such 
that if So < C~^, T > C, (3 > C, then for supp(h+(^, •)) C [0, we have 


A| v(o + y„(o)yaK;7«+«,o)i= + a=iif+«+k. oiIwie*) 
^||F+{)+(^, + A^||{)+(C ■)IIl2(e+)) ■ 

Furthermore, if supp{v-{f, ■)) C [—pi,0], for pi as in Lemma YS. 1 (K then 

<c ^||p_'0_(^, •)IIl2(]r_) + R ■)IIi,2(]r_)^ . 
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(3.135) 


(3.136) 
































Proof. Inequality fl3.135p follows from fl3.120p and fl3.88p . Similarly, fl3.136p follows 
from fimH and □ 


Lemma 3.12 There exist C, p 2 , depending only on Aq and Mq, such that if Sq < C ^, 
T > C, (3 > C then for supp('0±(^, •)) C [—^2,^2] we have that 

ib ± di zb 

||-P±'y±('C) •)lli2(R±) + ^1^1 (OP + • 

(3.137) 

Proof. In view of fl3.119p . 

A|al(0)VC+(e,0)7+(e,0) + a-j0)VC-(e,0)t)+(e,0)b 

>A|al(0)/?+(e, 0)n+(e, 0) + a-j0)i?_(e, 0)t)+(e, 0)^ 

>^Ad7+(e,0)b, 

hence, by fl3.3Up and fl3.33p . we have 

^A>+(e,o)b 

<A|a+„(0)v^h+(^,0) + a"„(0)y^(h_(^,0) + r7o)b 
=A|P+ + a+„(0)v^h+(^,0) + a-„(0)yC^-(^,0) - P_ - r/i - 

<4 ^A|P+ + a)('„(0)\/^h+(,^, 0)b + A|P_ — a„,^(0)\/^h_(,^, 0)^ + A|?7ib + A^|pobj • 

(3.138) 

From fl3.135p . fl3.136p and fl3.30p . we can estimate 

A»^|«±K,0)p 

± 

||-P±h±('C, ■)lli2(R±) + A^||'0+(.^, •)IIl2(r^) + A|?7i(,^)b + A^|?7o(.^)b^ . 

(3.139) 
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Again from (13.1351) and fl3.136p . we have the following estimate 

Aiv^+r 

<2A|\4 + al(0)v^h+(e, 0)p + 2A|a+jO)^f)+(e, 0)p 

<2A|\4 + al(0) v^h+(e, 0)|2 + CA3|h+(e, 0)1' 

<2A|VV + al(0) 0)r + C (A|fA - a-jO) 0)^ + A|r;i(Or + A^|r7o(Or) 

||A±'0±(.^, •)IIl2(r±) + A^||h+(.C, •)IIl2(r+) + A|?7i(Or + A^|?7o(Or^ ■ 

(3.140) 

We then obtain from fl3.33p that 


± \ ± 


li^(R,)+Al|h+(e,-)lli.(R,)+Ab(OI^ + A^|^o(OI 

(3.141) 

Combining (I3.12ip . (I3.124p . (13.1351) (I3.136P and (I3.139p . we dednce that 

A wMi, + A ^ iia„«±K, oil!,,.,, 

<C I A^||F+h+(,^, •)lli2(K_^) + A^||E_h_(,^, •)lli2(R_) + A^ ^ \v±{^, 0)^ j (3.142) 


||A±'0±(,^, •)IIl2(r±) + A^||'0+(,^, •)IIl2(]r_^) + A|r7i(^)p + A^|r7o(OI" 

Finally, pntting together fl3.139p . fl3.14ip and fl3.142p yields 


aJ; iKtp + A“^|«±«,0)r+ A ||a^f,,^K,0ii!,,.,, 


± ± ± ± 


<C (^l|P±i>±K,' 


+ A|r/i|2 + A^lr/oP + A^ ^ ||h±(^, • 


dz 


that gives fl3.137p if we take r large enongh to absorb the term CA^ 11'0±(.^, •) 11^2(8^)- 

□ 


Now are ready to hnish the proof of Theorem 13.11 Combining all cases fl3.82p . 
fl3.117p . fl3.137p . we conclnde that 

A^|r±r + V^|«±K.o)p + A^lls^e,(f,Ollh.i, + A^||«±K.OIl!,,.,| 

± ± ^ ± ^ ± 

||-P±f)±(^, ■)lli2(R^) + A|pip + A^IpoP 

(3.143) 
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Recall that 


P±v± ={dy - Tip'^ + it±{i + iTS^,y))a^^{y){dy - np'^ + R±(^ + iTS^,y))v± 

- a^ni.y)C±{.i.y)v±, 

which implies 

|5yh±| < C (|P±h±| + MdyV±\ + A^|h±|) , 
where C depends only on Aq and Mq. Therefore, we can derive 

<c ||e±K,oiii.,.,) + l|s»«±K.-)lli.(.*,j ■ 

(3.144) 

The estimate fl3.43p follows directly from fl3.143p and fl3.144p . □ 


4 Step 2 - The Carleman estimate for general co¬ 
efficients 

Having at disposal the Carleman estimate when A± = A±{y), we want to derive it 
for A±{x, y). The main idea is to ’’approximate” A±{x, y) with coefficients depending 
on y only. For this purpose we will make use of a special kind of partition of unity 
introduced in the next section. 


4.1 Partition of unity and auxiliary results 

In this section we collect some results on a partition of unity that will be crucial in 
our proof. In particular we will carefully describe how this partition of unity behaves 
with respect to the function spaces that we use. 

Let "do ^ cind 0 <'d < 1 such that 


^o(^) 


1, 1^1 < 1, 

0, \t\ > 3/2. 


Also let = 'do(a;i) • • •'do(a;„_i), then we have 




1, X e Qi(0), 

0, a;eM"-'\Q3/2(0). 


Given /i > 1 and g ^ we dehne 


Xg = g/y 
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and 

= 'd{n{x-Xg)). 

It is not hard to see that 


supp^g^g C Q3/2g{Xg) C Q2/g{Xg) 


and 

1 -^ (XQ3/2f,{xg) — XQi/f,{xg)), k = 0, 1 , 2 , 

where Ci > 1 depends only on n. 

For g G let Ag = {g' G Z"'~^ \ snpp'd^/^^ fl snpp'dg^^ 7 ^ 0}, then 

card{Ag) depends only on n. 


Thns, we can define 

^g{x) := ^ ldg^g >1, X G 


It is clear that fld.ip implies 

\D^^g\ < C2pi\ 

where (^2 > 1 depends on n. If we set 


Va.A^) = I' e K" 


(4.1) 


(4.2) 

(4.3) 

(4.4) 


then we have that 


Egez-i Vg.g = !> ^ ^ 

supp%,;, C Q3/2g{Xg) C Q2/g{Xg), 

\D^VgJ < C'3/xq3/2m(^.)’ ^ = 0,1, 2, 


(4.5) 


where (Fa > 1 depends on n. 


In Section [2] we have recalled the definition of and its seminorm 

[■]i/ 2 ,R"-i) in what follows we will also need the seminorm 


[f]l/2,Qr - 


_J Qrp ^ Qr 


\x — nY" 


■dxdy 


1/2 


(4,6) 


where Qr = Qr(0) = {x G 


pn—1 . 


|a)il < r, j = 1 , 2 , • • • ,n - 1 }. 


Lemma 4.1 Let f G and snpp/ C Q 3 r/i for some r < 1. There exists a 

positive constant C, depending only on n, such that 


[/] 


1/2,Q, 


+ 


c 


-1 


C 


' Qi 


|/(x)| dx < ||/||^ 1 / 2 (R„- 1 ) < [/]i/ 2 ,Q, + - / \f{x)\ dx. (4.7) 


Qr 
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(4.8) 


Proof. It follows easily from fl2.9p and fl4.6p . that 

[/]l/2,R’*-l = I [/]l/2,Qj.) 

where 

f f \f{x)-f{y)\ ^ 

ls.”-^\Qr Jqt ~ y\"' 


1 = 2 


-dydx = 2 


^\Qr ^QsrfA: 


\m? 

\x - y\' 


-dydx. 


Note that there is a positive constant < 1, depending only on n, such that, for 
X G \ Qr and y G Qsr/A, we have 

C~^\x\ <\x-y\< Cn\x\, 

hence, by using Fubini theorem, there is a constant C depending only on n, such that 

[ \f{y)\‘^dy <!<—[ \f{y)\^dy, 

r jQr ^ JQr 

that, together with fl4.8p . gives fl4.7p . □ 


Proposition 4.1 Let be a family of smooth functions such thatsupp^g C 

Q3_{xg), then 

2p. 

[ ‘^9]l/2,R"-l — ^( [‘^g]l/2,Q2ixg) L [ kflP)’ (4-9) 

3GZ"-1 ggZ"-l yQli^a) 

where C depends only on n. 


Proof. Let x' = yx and y' = yy, then 


E8»i 


Ea'.sW -E,89(!/)I' 


1/2,1 


= h 


9 

2—n 


in-l jTBn-l 


/r’»-i Jr'i-i \x — yl'^ 

Eg‘?g(^7h) - EgS(?/Vh)P 

\x' — l/'l"' 


dydx 


■dy'dx' 


It is enough to consider n = 2 and denote <,g{x'/y) = <,j{x'). Note that supp<^j C 
Q|(j) = {x G M||a; — j| < 3/2}. We write 



7 - y? 


dxdy 


h + /2, 


(4.10) 


where 


h-.= 

l2.= 


\x — y\^ 
\x - y\^ 


X{\x—y\<i} dxdy 
yi{\x—y\>i} dxdy. 
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Let us first estimate l 2 - It is not hard to check that 


i.<j 

=4 


2 1 Ejez P + 2 1 Ejez (?/) I^ 


k - 


X{lx—yi>i}dxdp 


EjGz‘^j(^) 


X{lx—yi>i}dxdy ^ 8 / I E ‘^j(x)j^dx. 

Jr 


JK^ 1^ y\‘^ 

Since the cardinality of Ag only depends on n, we have for n = 2 that 

|2 


and hence 


j£Z jez 


/2 < 56 / \<;j{x)\'^dx = 56 E/ \<;j{x)\‘^dx 

A^'T! ^R J Q2U) 


j&Z 


j&Z 


Next, for Ii, we can see that 

" \Ejez‘^ji^)-Ej&‘^jiy)? 


h = 


<E/ , / 


\x — y\^ 
Ejez^Ax) 


k - y\^ 


X{\x—y\<i}dxdy 

X{\x—y\<i}dy dx. 


We note for each x G Q 2 ii) that 


and 

Therefore, we have 

iez 


j&Z |j-*|<3 

dist((52(*), Q2(0) > 1) |/-i|>5. 

\E\j-i\<^^j{x)-Ek&^k{yE 


I E / 

Q 26 ) \l-i\< 4 ''Q 2 {l) 


E E 

ieZ \l-i\<4' 


\x — y\‘^ 

E\k-l \<3 ‘^k{y)? 


dydx 


'Q2ii) jq2{i) ~ yl"^ 

For \l — i\ < 4, we note for y G Q2{1) and x G Q 2 {i) that 


dydx. 


and 


Y = Y 

|fc-Z|<3 \k-i \<7 

Y = Y 

Ii-i|<3 \j-i \<7 


(4.11) 
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Thus, we can derive 


E / 

iez |i_j|<4 “'<32(0 


s^E E E / / 

igZ |«-i|<4 |fc-i|<7“''32(*) 3Q2(0 


T.\k-i\<7i^kix) - c^kiy))[^ 

\x — y\‘^ 

f \{‘ik{x) -‘;k{y))\^ 


■dydx 


|x — I/p 

Since (^2(0 “T Q6(*) when |/ — i| < 4, we obtain that 

^.^^EE i: I f 

iez |z-i|<4 |fc-i|<7'^‘32W ^Qeh) I yl 

\i<^k{x) -<tfc(|/))P 


dydx. 


dydx 


< 10 = E 


fcez 



|x - 1/1 = 


-dydx 


(4.12) 


^10“E{Wi/2,«j(i) + / la(nP*}. 

•7 Q2{k) 


keZ 


where we used fl4.7l) in the last inequality. Combining fl4.1ip and fl4.12p . the proof is 
complete. □ 

Proposition 4.2 Let F G C'°°(R"' wzthsuppF C Q 3 / 2 ti{xg), and let 

a be a function satisfying 


|a( 2 ;)| < Ea, \a{x) — a{x')\ < Ka\x — x'|, 


(4.13) 


for z,x,x' G supp rjg^fj, and Ea, Ka positive constants. Then, there is a constant C 
depending only on n such that, 


Klv2.ea(..) S C I + A'>-‘ / \F{u)\‘dy \ . (4.14) 

^ \ ^ ^ Q 2 [Xg) 

Proof. In view of (14.6p . we have 

M J Q 2 {Xg) j Q 2 {Xg) 


|x - y\' 


< 2 


" \a{x)\^\F{x)-F{y)\^ ^ dxdy 

' Q2 (xg) JQ2 (xg) \ \x-y\^ \x-y\^ 

g. g 


< C I AiXlfAQ. (..) + / \F{y)\^dy 

M jQ2{Xg) 


□ 
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Proposition 4.3 Let / G ^). Then 

[/%,m]?/2,Q2(x,) < C* ('[/]i/2,Rn-i +L [ \fiy)\^dy\ . 
Proof. It follows from (14.611 that 


[fV9,l^l/2,Q2{xg) < + 2 




QziXg) JQ2_{Xg) 

g, g 


Q2 (Xg) JQ2 {Xg) 
g g 


where 

1 = 2 

Using (14.hh . we can estimate 
I < 2^3^^ [ [ 

J Q2 {Xg) JQ2 {Xg) 


\x — 2 / 1 "- 

l/(?/)r \VgA^) - VgAyA \x - y\~'"dxdy 


\Ay)? 

k - 2/1’ 


dxdy < Cy 


’QliXg) 


\f(yWdy. 


(4.15) 


dxdy, (4.16) 


(4.17) 


Using the fact that for any g E TT the cardinality of {g' G Z"' ^\Q2/A^g) 
Q2/gAg') ^ finite and only depends on n and adding up with respect to g & Z”“^, 
we get □ 

Proposition 4.4 Let f G C°°{W^-^) n 

Y [f^=^y9,A/2,Q2{xg) < c (A[f]l/ 2 ,Rr.-i + A [ IfiyAdy') . ( 4 . 18 ) 

.cy.n-l ^ V JR-l / 


We omit the proof that proceeds in the same way as that of Proposition 14.31 


4.2 Estimate of the left hand side of the Carleman estimate, 

I 

We are ready to derive the Carleman estimate for general coefficients. In order to 
make clear the procedure that we follow let us introduce and recall some notations 
and dehnitions. Let 0 < 5 < 1 and dehne 

AAx, y) ■■= A±{Sx, 6y), (4.19) 

CsA, y, d)w ;= Y H±diVxAA±{x, y)Vx,yW±), (4.20) 

± 

and the transmission conditions 

\ 6o{x) = w+{x, 0) - w_{x, 0), 

l^dx) = 4+(x,0)Vi,,j^tc+(x,0) • u - A_{x,0)Vx,yW_{x,0) ■ u. 
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Next, with Xg = g/fi g E 1/^ we define 

\A±{y) := A^^{xg,y) = A±{5xg,5y), 

\Cs,g{y,d)w := J2±H±dw^^y{A^^^{y)V:^^yW±). 

It is readily seen that 

< A±^{y)z ■ z < Ag Vj/ G M, G M”' 

and 

\A‘/(y')-A‘i<'(y)\<AkS\y’-y\. 

Concerning the weight functions, let us introduce the following notations 


'h,{x) := -e\x\‘^/2, 

He{x,Xg) := e\x - Xg\^/2, 

i>eix,y) := (fiy) + he{x), 

y) ■= Viy) + ^xhe{,Xg) ■ {x - Xg) + h^{xg), 


where ip{y) is defined in (12.71) . Moreover assume that a+,a_,/3 are fixed positive 
numbers such that (3 > /3o and < ^, in such a way that condition (I3.42p is 
satisfied by the operator Cs,g{y,d) and Theorem 13 .1 1 holds true for such an operator. 
Note that 

i’6,gix,y) -i’six^y) = H^{x,Xg). (4.21) 

We define 


^3-2k / \D'^yj^\‘^e‘^^^^dxdy 

± k=0 

+ [ \D’‘w±{x,0)\^e^^^d^’°^dx 

± k=o 

± 

± it 


(4.22) 


where we note that E{w) corresponds to the left hand side of (I2.10p . 

In the present subsection we prove that if supptc C il := i?i /2 x [—ro,ro] and if 
we choose 

T > 1/e and y = (er)^^^, (4.23) 

then 

S(m^) < C Egez"-i + CRi, (4.24) 
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where 


^1/2^ / + |V2;W±(x, 0)1^ + r^|w±(x, 


/?! := {et 


and C depends only on Aq, Mq. 

In order to obtain fl4.24l) . we estimate from above each term in fl4.22p . by fl4.5p . 


w±= ^ W±T]g^^{x). 


(4.25) 


From 04.21) ■ 04.2ip and 04.251) . we can see that 


E 


.3-2k 


dxdy 


k=0 

< 


2 


(4.26) 


c E E 


T 


3-2k 


I D’^ {w±Vg,fi) dxdy 


n-l k=0 


and 


1 


E 

k=0 

< 


T 


3-2k 


in-l 

1 




(4.27) 


-c' E E- 

gGZ"-l k=0 

where C depends only on n. 
Using 04.91) . we obtain 


3-2k 


|D^(n;±r7,,^)(x,0)|2e2"^-«("’°)da;, 


[Vx(e"^^w±)(-,0)]2/2^R„_i = ^m;±%^)(-,0)]2/2^r„_i 

\V^{e'"'^^r]g^gW±){x,0)\‘^dx 


<C Y1 I [Vx(e"’^^h.,.«;±)(-,0)]?/2,Q^(,^)+/i 

geZ"-! 

Since 


Q2{Xg) 


(4.28) 


V,,{e'^'^^r]g^gW±){x,0) 

^gry,(.,o)^^^^V,n;±(a:,0) + e"’^^("’°)n;±V,77g,^(a:,0) - {eTx)e^^^^^’%g,gW±{x,0), 
by (USD and (H^]), we have that 


^ /i / |V^(e^^"77g,^w±)(x,0)pcix 

geZ"-l JQ^{xg) 



<U ( yU / 0)pcia: +/i^ / 0)p(ia; 


(4.29) 
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In order to estimate 0)]i/2 Qj/ i^g) observe 

the following easy consequence of Lemma [4.11 Proposition 14.21 and of fl4.2ip : 

Lemma 4.2 //supp/ C Q 2 ,/ 2 ^l{xg), then we have that 

+g f |/(i)|2e2-*-<"’-»>cix, (4.30) 

■^Q2/m(®9) 

and 

< Cl/e*‘ ’"d/2,(4.31) 

dQ2/t,{^g) 

where C depends only on n. 

Similarly, we can show that 

Lemma 4.3 

I r .. , . „ \ ("t-ss) 

^ ''Q2/g.{^g) 

It is time to estimate Zl± Zl)?eZ"-i 0 )]i/ 2,Q2 (x^)- 

'^x{e^'^‘''ng,fiUJ±){x,0) = e'^'^^Vx{r]g,gW±){x,0) - {eTx)e"''^'^pg^gW±{x,0), 

we can deduce from (I4.3np and (14.321) that 

Nx{e^^^Vg,gW^)i-Ml/2,Q^ix,)< E 


I Vg,gU’±{x, 0) I ^^’^^dx 




Q2{Xg) 

M 


ygeZ"-l ^ geZ"-l -^Q^/gi^g) 

^ 2,cy,n-l dQ2/u.{^g) 




(* 9 ) 




(4.33) 
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Combining f|4.28p . fl4.29p and fl4.33p yields 



+ g2rye(x,0)|y^^(^^Q)|2^^ 



(4.34) 


In a similar way, we can estimate the terms Yllg'^±Vg,^l ){^1 0)]i/2R'‘-i 

7 - 2 |'grye(-,o) Yl,gW±'r]g^y\\i 2 ^ 7 i-i and finally get 04.241) . Notice that in deriving 04.24p we 
make use of /i^ = {stY < r^. 

4.3 Estimate of the left hand side of the Carleman estimate, 


II 


In this section, we will continue to estimate the upper bound of E{w) using 04.24p . 
The task now is to connect the estimate to the operator C{x,y,d) given in 02.ip . 
To this aim we apply Theorem 13.11 to the function wrig^y with the weight function 
Ye,g = v{y) — £Xg ■ X + e\xg\‘^/2. In order to do this we note that if supptn C if : = 
Bi /2 X [—and /x > 4, then either \xg\ < 1 or suppr 7 g^^ni?i /2 = 0 . Thus, in both 
the cases, we can apply Theorem 13.11 

By applying 03.7p and by adding up with respect to G we obtain that 



(4.35) 


where 



where we set 


Oo-,gA^) ■■= w+{x, Q)rig^y{x) - w_{x, 0)?7g,^(a;) = 9o{x)r]g^y, (4.36) 

■= A^+{0)'^x,yA+V9A • ^ “ AA x,yA-VgA ‘ ( 4 - 37 ) 


We will estimate the three terms of 04.35P separately. 
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Estimate of 4!^ 

By straightforward computations, we obtain that 

Cs^g{y,d){w±rig^^) 

<\C5{x,y,d){w±r]g^^) \ + \C5{x,y,d){w±yg^g) - Cs,g{y,d){w±yg^g)\ 

<yg,g\C 5 {x,y, 5)(u;±)| + C ( 5y~^\D^w±\XQ 2 (xg) + y\Dw±\ XQ 2 (x,) + hV±l XQ 2 (x,) ) , 

\ M MM 

which implies 

E \Cs{x, y, d){w±)\‘^ dxdy + C'i? 2 , (4.38) 

gggn-l ± “'R± 


where 


R2=S^fi [ \D‘^w±\‘^ e'^'^'^^’^dxdy + f \Dw± 

^ JrI 


2 c 2 tPj,± 


dxdy 




+ / l^±l 


2 p2Tpe,± 


dxdy. 


Estimate of Xlggz^-i 4^^ 

It is obvious that 

^ f [ e^^^^^^'^'>\eo{x)\^dx, (4.39) 

JK"-! ’ ’ 

where C depends only on n. Next, we note that '\/xie'^^^’^9o-g,g) = x9Q-,g,g. — 

reXge^'^^’^Oo.g^g^. From fl4.3ip . fl4.15p . and fl4.36p . it follows that 


ggZ"-l 


2(Xg) 

M 


JR"-i JR"-i 

On the other hand, by fl4.15l) . fl4.18p and (14.321) . we have that 

ggZ"-l 

+ y f e^^^^^^’^^\Vxeo\‘^dx + f 


(4.40) 


(4.41) 
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e2^’^^(^’O)|0oprfa; + i?3 ) , (4.42) 


Finally, combining fl4.39p and fl4.4ip yields 

E 4!i S C' + T=> I 

geZ"-i 

where 

Rs = + F / + /x® / 

Jr"-i JR"-i 

Estimate of Xlggz^-i 4^^- 

Straightforward computations show that we can write Oi-,g,^ as 

di-,g,g = Oir]g^^ + (4.43) 

where 

J^gl =w+A+{5x, 0)V„,yPg,/, • V - w_A_{5x, Q)V^^yr]g^g • v, 

Jfl =Vg,M+i.^^g^ 0) - 4l+(5x, 0))V^,j,'«;+ • i/ 

- r]g^g{A_{6xg, O) - A_{6x, 0))Vx,yW- ■ u, 

Jfl =w+{A+{5xg, 0) - A+{6x, 0))Vx,yVg,t ^' 

- W-{A_{SXg, 0) - A_{6x, 0))Vx,yVg,y ■ ^■ 

It is easy to compute that 

l4?/ll < C'/^5^k±(a^,0 )|xQ2 (xg), 

± 

x,yW±{x,0)\rig^g, (4.44) 

± 

l4Sl < C6fx-^'^\V^,yrig^^\\w±{x,0)\, 

± 

where C depends on Aq, Mq and n. Putting together (I4.43p and (I4.44p implies 
J2 ^ <C (t [ 

geZ"-i ^ 

+ (5^e”^y' [ \V:,^yW±{x,0)\‘^e‘^^^^^^'^^dx ^ 445 ^ 

JR "-1 ^ ^ 

+ i6\ + Th)J2 [ k±(a;,0)pe2"^^("’°)dx 

JR"-i ^ 

We turn to the second term of 4 ^m- We hrst derive from 04.311) and 04.15P that 

(4.46) 

^ f ^g^^2^2rM-,0)dx. 
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Again by fl4.3ip . fl4.14p and fl4.18p we get 




\ ^ JR’—1 ^ 


(4.47) 


We now go to the next term Z]geZ"-i (I4-3H) . (14.141) and 

fl4.32p . we have that 

E \pTi^e,g{;0) J{2)12 
g£Z^-^ 

1 Y1 0) - A±{6x, 0)) V^,y'«;± • z/]?/2,Q2/A^d 


+Ji / \A±{5xg,0) - A±{6x,0)\‘^\Va;^yW±\^e^'^'>’^^'^’°^dx 

g^Xn-l '^Q2/g.{^g) 

scEj'SV-" E 

± y geZ"-! 

f \Vx,yiw±e^'^^){x,0)\‘^dx + f \w±{x,0)\‘^e^'^'^^^^’^^dx 

jR’i-l jR”-! 

<C^ (^V"^[Vx,y(w^±e^’^^('’°))]i/2,Rn-i + 


± 

i:2, -1 


jR’i-l jR’i-l / 

(4.48) 

Now we estimate Z]gGZ’’-i’°^'4 ^m]i/2,r"-i- fl4.3ip . (14.141) . and 

fl4.18p . we can obtain that 


E'^ 

g£Z^-^ 


Ti^s.g{;0)ji3y^2 




(4.49) 


± 


where C depends on Aq, Mq and n. Finally, combining fl4.45l) . (14.461) . fl4.47p . fl4.48p . 
and (14.491) implies 

T,41<c(t[ (4.50) 

n^W.r^-1 V / 
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where 


Ri =S^^i ^ 0)]?/2,r"-i + 

± ± 

+ ^ f \'Vx,yW±{x,0)\‘^e^'^'^^^^’^^dx 

JR"-i 

+ (er^ + 6 ‘^t + 6 ‘^ij,~^t^) ^ f \w±{x, 

JR’^-1 


Consequently, we have from fl4.24p . fl4.35l) . fl4.38p . fl4.42|) and fl4.50|) that 

S(u;)<c[^ / |L5(x,?/,a)(M;±)|^e2^^^’±da:d?/+[e^’^^('’°)0i]^/2,R-i 

V ± 

+ [V.(e"^^0o)(-,O)]2/2,R.-1 +r^ / e2"’^^("’°)|0o(x)pda; (4-51) 

Jr"-i 

+T [ e^^'^^^^’^^\9i{x)\^dx + R 5 '] , 

JR"-i / 

where 

R^ =S^IJ,~^ "^2 [ \D‘^w±\‘^ e^'^'^^'dxdy + [ \Dw±\‘^ e^'^'^^dxdy 

^ 4rj ^ Jrj 

+ f |wj-p e^'^'^^’^dxdy + (/i + h^g~^) 'y~^ f |Dta±(x, dx 

JrJ JR^-l 

^ JR"-l 

+ iy-"53l£>(»±e*)('.0)lW»- 

± 


We now set 5 = e and choose a sufficiently small ^o and a sufficiently large tq, 
both depending on Ao,Mo,n such that if £ < (5o and r > tq, then R^ on the right 
hand side of (14.511) can be absorbed by E{w) (defined in (I4.22p ). In other words, we 
have proved that 


\D’^w±\^e^^^^dxdy + 

± fc =0 '^*1 ± k=o 

± ± ± 

<C\J2 f IA(a:,!/,S)(™±)te^'*-<irf9+ [e"*-<'“>9i];/2,.-. + [V,(e"*-9„)(., 

V ± 

+T^ [ |0oPe2^^^(^’°)da: + r /" 

JR’^-1 JR"-i / 

(4.52) 
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Now, applying fl4.52p to the function w{x,y) = u{6x,6y) and by a standard change 
of variable, we have fl2.10p . where is given by fl2.8p . 
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